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ABSTRACT

During a growth phase of a magnetospheric substorm the near-Earth magnetotail stretches and

thins, remaining in the near-equilibrium state. We use a stability analysis, based on the comparison of

energy density terms, to test stability of observation-constrained equilibrium configurations

corresponding to the Earth's magnetic field at various stages of the substorm growth phase prior to

onset. We demonstrate that during the growth phase of a substorm the near-Earth plasma sheet is

nonlinearly stable, preventing any large-scale instabilities. However, at the time just prior to onset, the

system becomes unstable to a large scale, nonlocal, explosive (with growth rate increasing with time)

instability. Possible triggering mechanisms could include field line resonances (FLRs), localized linear

instabilities (linear ballooning, KH-modes, etc.), or strong convection pulses. Our results suggest that

the substorm onset starts close to the Earth (around 10 RE) as a large-scale explosive instability that

brings about reconfiguration of the entire system.
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1 INTRODUCTION

Dobias et al. [2004] developed a method of stability analysis for magnetized plasmas based on the behavior

of potential energy density [Pfirsch and Sudan, 1993; Dobias and Samson, 2004]. These methods have a long

tradition in various areas of fluid dynamics and plasma physics [Bernstein et al, 1958; Low, 1958; Arnold,

1969]. Dobias et al. presented an example of the stability analysis in the case of artificial equilibrium

configurations resembling the magnetospheric configuration at late substorm growth phase. Their analysis

suggested a possible explanation of some substorm features such as an occurrence of one or more

pseudobreakups, formed from preexisting auroral arcs near the equatorward edge of the auroral region.

In the present work we have developed the analysis of Dobias et al. further. We use a 3-dimensional

equilibrium based on the Grad-Shafranov equation and constrain the equilibrium by CANOPUS observations to

obtain a profile of the plasma pressure and magnetic field during the later stages of the substorm growth phase,

just prior to onset. We use a field line resonance (FLR) type of plasma perturbation to test the stability of the

magnetospheric configurations, because they can be easily generated in the near-Earth plasma sheet by a variety

of different mechanisms [Samson et al., 1996; Samson et al., 2003, Voronkov et al., 2004]. The fast 180º-phase

shift in the azimuthal component of the plasma displacement associated with a resonance seems to be an

important factor contributing to the destabilizing of the plasma system. It is consistent with the fact that an

occurrence of a resonant coupling in dynamical systems [Marsden and Ratiu, 1999; Cherry, 1959; Cherry, 1968]

can cause a destabilization of dynamical systems. Thus we provide a connection between ground-based

observations of the substorms and the nonlinear stability analysis of the earthward edge of the plasma sheet at

about 10-12 RE.

2 EQUILIBRIUM CONSTRAINED BY OBSERVATIONS

The plasma equilibrium is described by the Grad-Shafranov equation
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with magnetic field defined as
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The radius r, polar angle θ, and azimuthal angle φ are spherical coordinates; and the plasma pressure P(ψ) is a

function of the flux ψ.
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To construct a 3-dimensional equilibrium we sum the dipole field solution, valid for the constant pressure

gradient, and a second solution, valid when the plasma pressure is a linear function of the magnetic flux. Then

the flux function can be expressed as

  

ψ (r,θ ) = 2π M sin2 θ
r

1 +
1 − α

2

r

R
X








3

+
α
4

r

R
X








5











,     (3)

where M is the magnetic moment for the Earth's dipole field, α accounts for the pressure gradient, and RX is the

radial position of the equatorial x-line in the magnetic field.

We use expression (3) combined with CANOPUS observations to obtain equilibrium magnetospheric

configurations at various stages of the growth phase. For our analysis we have chosen the February 9, 1995

substorm with onset around 04:35 UT (Fig1). For more details on this event see [Friedrich et al., 2001].

The modeling approaches followed by Wanliss et al. [2000, 2002] have successfully reproduced reasonable

current sheet thicknesses during substorms. Our method of evaluating the magnetic field topology stems from

the observations of low-altitude isotropy boundaries of precipitating particles. The concept of using the isotropy

boundaries for remote sensing of the magnetotail topology was first introduced by Sergeev and Malkov [1988]

and further developed by others [Sergeev et al., 1993; Pulkkinen et al., 1991, 1992, 1998; Kubyshkina et al.,

1999; Donovan et al., 2003]. The technique relies on the inference that the isotropy boundaries of precipitating

particles observed at low altitudes correspond to the boundaries between adiabatic and nonadiabatic regimes of

particle motion in the equatorial current sheet region. Scattering out of the current sheet depends on the

equatorial magnetic field topology and is also sensitively dependent on the gyroradius of the particle. The theory

of scattering out of the plasma sheet and subsequent precipitation has been described in numerous other papers

[Buchner and Zelenyi, 1987; Zelenyi et al., 1990; Liu et al., 1998]. Basically, when there exists significant

spatial magnetic field variations on the scale of the particle gyroradius, nonadiabatic behavior occurs with the

result of scattering out of the plasma sheet. Knowledge of the particular magnetic topology and particle energy

profile allows one to calculate the isotropy boundary in the magnetotail.

The original aspect of the work by Wanliss et al. extends the isotropy boundary idea to include the ground

observations of the meridian scanning photometers. The equatorward boundary of diffuse H-β emissions form a

sharp boundary delineating the ionospheric regions between isotropic precipitating particle and trapped particle

distributions [Samson, 1994; Donovan et al., 2003]. Thus they were able to make a direct connection between

the remote magnetic topology and the ground-based data.  Although successful, and designed by careful

comparison of averaged magnetic fields in the lobe and plasma sheet regions during different stages of

magnetospheric activity, the models introduced by Wanliss et al. [2000, 2002] were essentially ad hoc. In the

present work we follow these models combined with a different approach that utilizes the more physically

appropriate equilibrium magnetotail model. We iterate the equilibrium model and varying the two free
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parameters (pressure and a position of the magnetic X-line) to minimize, in a least squares sense, the latitudinal

difference between the ground-based photometer isotropy boundary and the model prediction. We also assume

that the energy of precipitating protons at the isotropy boundary is 20 keV.

3 NONLINEAR STABILITY ANALYSIS OF THE NEAR-EARTH PLASMA SHEET

Our stability analysis method was suggested by Pfirsh and Sudan [1993] and further developed by Dobias

and Samson [2004]. It is based on comparison of the higher order terms in the expansion of potential energy

density in terms of plasma displacement. Energy density can be expanded in powers of plasma displacement

[Dobias et al., 2004]. A dominant second order term in potential energy means that the system can be described

within a linear approximation. The third and the fourth order terms can be used to determine possible nonlinear

stability properties of the system. If the third order term is dominant, then the system is explosively (with the

growth-rate increasing with time) unstable. If the fourth order term dominates, nonlinear saturation occurs, and

the system evolves to a non-linearly stable state [Pfirsch and Sudan, 1993; Fong et al., 1999; Dobias et al.,

2004].

For the analysis we use a plasma displacement functions

  
ξ
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for the radial, and
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for the azimuthal component of the plasma displacement (Fig. 2) in the equatorial plane. xr is the position of the

resonance, ε is a small parameter that prevents singularity.

The analysis goes as follows. For selected magnetospheric configurations we calculate energy density

expansion terms using plasma displacement (4) and (5). Then we compare relative values of the magnitude of

the energy density to find out if the system is stable or unstable. We start with a small value of the plasma

displacement magnitude to keep the ordering Ω(2)>>Ω(3)>>Ω(4) (Ω(a) denotes the a-th order in the potential energy

density). Then we slowly increase magnitude of the plasma displacement until the plasma displacement triples.

This way we are able to analyze a transition from linear to nonlinear behavior.  If the fourth order term becomes

dominant before the third order term reaches its dominance, such a system is nonlinearly stable. However, if the

increase in the magnitude of the displacement preserves dominance of the third order term the system is

explosively unstable and a large-scale reconfiguration of the system (dipolarization) is possible. Generally

speaking, the scale at which we can increase the magnitude of the plasma displacement yields a possible room

for the growth of instability before it is saturated.
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We tested nonlinear stability of magnetosphere at various stages of the February 9, 1995 substorm. The

substorm expansion started around 4:35UT (Fig. 1). We have performed our tests at 4:20, 4:30, and 4:35 UT.

We started each of the tests with the magnitude of the azimuthal displacement of 0.5 RE and increased it all the

way to 2 RE to analyze a possible room for the growth of the instability before it saturated due to nonlinear

effects. Figures 3 and 4 show the energy densities in the equatorial plane at 4:20 UT and 4:30 UT for the

displacements 0.5, 0.6, and 1 RE. In both situations the fourth order term becomes dominant (nonlinear

saturation) after a small increase in the magnitude of the plasma displacement. It means that both these

configurations are stable. However, in the case of the 4:30 UT configuration we can see that the third order term

gains importance, and the system is quickly approaching a threshold of instability.

Figure 5 shows energy densities for the 4:35 UT configuration. The magnitudes of the plasma displacement

were in this case 0.5, 1, and 2 RE. Note that despite an increase in the plasma displacement from 1 to 2 RE the

system is still explosively unstable. It means that for this configuration a large-scale explosive instability causing

reconfiguration of the whole system is possible.

5 CONCLUSION

Using an energy-based stability analysis outlined in [Dobias et al., 2004] we have tested the nonlinear

stability of the near-Earth edge of the plasma sheet during the late growth phase of the February 9, 1995

substorm. We used the Grad-Shafranov equation to calculate equilibrium configurations of the magnetosphere.

This equilibrium was constrained by the CANOPUS data to match the theoretical equilibrium to the real

magnetosphere as closely as possible. Assuming a presence of a resonant type of perturbation in the auroral

region [Samson et al., 2003; Voronkov et al., 2004] we calculated perturbation energy densities up to the fourth

order in the plasma displacement in the magnetosphere at 4:20, 4:30, and 4:35UT. The first two configurations,

corresponding to the late growth phase were nonlinearly stable. However, the last configuration corresponding

approximately to the time of onset as seen in the CANOPUS data, was unstable, allowing for significant growth

of the nonlinear instability.

To summarize our results, we showed that during the February 9, 1995 substorm the near-Earth edge of the

plasma sheet was stable during the growth phase. Only at the time corresponding approximately to the onset did

it become nonlinearly unstable. Thus we can speculate that this onset was caused by a large-scale explosive

instability in the near-Earth plasma sheet. Further analysis needs to include a possibility of the occurrence of the

shear-flow instability in the resonant region. The strong shear caused by the resonant type profiles is very likely

to generate shear-flow instability [Voronkov et al., 1997] and thus this possibility needs to be incorporated into
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further stability analysis. Also, at this stage additional effects such as Hall and kinetic, and a possible influence

of the external parameters may be of an interest to be considered.
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Figure 5 Normalized energy densities (Ω (α)) in the
equatorial plane for various magnitudes of the plasma
displacement at 4:35 UT. Superscript α denotes order in the
expansion.

Figure 2 Radial and azimuthal component of plasma
displacement

Figure 4 Normalized energy densities (Ω(α)) in the equatorial
plane for various magnitudes of the plasma displacement at
4:30 UT. Superscript α denotes order in the expansion.

Figure 3 Normalized energy densities (Ω(α)) in the equatorial
plane for various magnitudes of the plasma displacement at
4:20 UT. Superscript α denotes order in the expansion.

Figure 1 CANOPUS magnetometer data for Feb 9, 1995.
The substorm starts around 4:35 UT.
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