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Abstract

This paper proposes a two-dimensional chaos game representation (CGR) for the Dy index. The CGR provides an
effective method to characterize the multifractality of the Dy time series. The probability measure of this representation
is then modeled as a recurrent iterated function system in fractal theory, which leads to an algorithm for prediction of a
storm event. We present an analysis and modeling of the Dy time series over the period 1963-2003. The numerical
results obtained indicate that the method is useful in predicting storm events one day ahead.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

A measure of the strength of a magnetic storm is the Dy index, which reflects the variations in the intensity of the
symmetric part of the ring current at altitudes ranging from about 3-8 earth radii [11,19]. The Dy is calculated as an
hourly index from the horizontal magnetic field component at four observatories, namely, Hermanus (33.3° south, 80.3°
in magnetic dipole latitude and longitude), Kakioka (26.0° north, 206.0°), Honolulu (21.0 ° north, 266.4°), and San
Juan (29.9° north, 3.2°). These four observatories were chosen because they are close to the magnetic equator and thus
are not strongly influenced by auroral current systems.

In the recent literature, fractal and multifractal approaches have been quite successful in extracting salient features
of physical processes responsible for the near-Earth magnetospheric phenomena [24]. Heavy-tailed Lévy-type behavior,
particularly that of stable distributions, has also been observed in the interplanetary magnetic field and the magneto-
sphere [8-10,22,23,25]. It has been found that Dy, exhibits a power-law spectrum with the Hurst index varying over dif-
ferent stretches of the time series [28,29]. This behavior indicates that Dy is a multifractal process which has an
important example—multifractional Brownian motion [4]. A method to describe the multiple scaling of the measure
representation of the Dy time series was provided in [30]. This measure is modeled as a recurrent iterated function
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system (RIFS, [7]), which is considered as a dynamical system. The attractor of this dynamical system is in fact the sup-
port of its invariant measure which models the measure representation of the D. The probability of a specific pattern of
events can be obtained from the RIFS; hence the method provides a mechanism for prediction of storm patterns
included in the attractor of the RIFS. This prediction method was detailed in [3] together with some numerical results
evaluating its performance.

It is noted that the measure representation used in [3,30] is a representation of the probabilities of the patterns of
events computed from a given time series. Hence the resulting RIFS yields the probability of a pattern of future events.
In this paper, we look at the multiple scaling of Dy, from a different angle, namely from that of the probability measure
of its chaos game representation (CGR) defined below. CRG has been used to represent DNA sequences [21], protein
structures [17], linked protein sequences from genomes [33], the two-slit experiment of quantum mechanics [12-15] for
example. The CGR records the relative position of an event rather than the probability of a pattern of events. The
resulting probability measure also has the characteristic of a multifractal measure, and will be modeled via a recurrent
iterated function system, hence again can be used for prediction purposes. It should be emphasized that the RIFS of a
measure representation models a pattern (of 12 events), for example, as described in [3], hence its prediction of a future
event relies on the history of past events (for example, the occurrence of the previous 11 events). On the other hand, the
RIFS of the CGR gives the weighting of a single event, and its prediction is based solely on the position of the previous
event in the CGR. It is therefore expected that prediction based on the CGR method is more difficult than that based on
the measure representation method; however, the CGR method provides needed information on a future event if it
works, rather than conditional information as in the measure representation method.

The next section will outline the concepts of chaos game representation, multifractal measures and RIFS. Section 3
develops RIFS models for the probability measure of the CGR of the daily Dy, time series. The invariant measure of the
RIFS is then obtained, which is shown to trace out closely the probability measure of the given time series. This model
is then used to generate future storm events via the chaos game algorithm. The performance of this prediction method
will be evaluated through two accuracy indicators. Some concluding comments on the approach will be provided in
Section 4.

2. Iterated function systems for multifractal measures
2.1. Chaos game representation

This paper will develop models for the CGR of storm events. The proposed method examines the multiple scaling of
a process via the probability measure of its CGR. We first describe the derivation of a symbolic sequence from a time
series. We assume that this time series can be classified into a number of different categories. For example, the Dy index
is clustered into four categories: Dy < —100; —100 < Dy < —50; —50 < Dy < —30; —30 < Dy, which correspond to
intense-, moderate-, small-storm and no-storm types respectively. We then define the map

0, if Dy > —30nT,
1, if —50nT < Dy < —30nT,
2, if —100nT < Dy < —50nT,
3, if Dy < —100nT.

Under f}, the given Dy time series is transformed into a symbolic sequence {s,}, where s, is a symbol of the alphabet
{0,1,2,3}.

We next define the chaos game representation for the sequence {s,} in the square [0, 1] x [0, 1], where the four vertices
correspond to the four symbols 0, 1,2, 3: The first point of the plot is located half way between the center of the square
and the vertex corresponding to the first symbol of the sequence {s,}; the ith point of the plot is then located half way
between the (i — 1)th point and the vertex corresponding to the ith symbol. We then call the obtained plot the chaos
game representation of the given Dy, time series. It is noted that the map f; is a one-to-one correspondence between
the symbolic sequence {s,} and its CGR, and the sequence {s,} can be reconstructed uniquely from its CGR given a
starting point.

As an example, we consider the Dy index (further detail on this index is provided in Section 3.1). In this example, we
created a daily time series by taking the minimum value for each day of the original Dy series, which is available in
hourly resolution from 1963 to the present time. The daily series is displayed for the period 1963-2003 as an illustration
in Fig. 1. Its CGR is provided in Fig. 2. Self-similarity is apparent in the Dy, series via its CGR.
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Fig. 1. The daily Dy time series from 1963-2003.
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Fig. 2. The four-symbol CGR of daily Dy time series from 1963-2003.

Considering the set of points in a CGR of a time series, we can define a measure p by w(B) = §(B)/N;, where #(B) is
the number of points lying in a subset B of the CGR and N, is the length of the sequence. We can divide the square
[0,1]x [0, 1] into meshes of size 64 x 64, 128 x 128, 512 x 512 or 1024 x 1024. This results in a measure, in fact a prob-
ability measure by its definition, for each mesh. The measure u based on a 128 x 128 mesh of the CGR of Fig. 2 is given
in Fig. 3 as an example.

2.2. Multifractal measures
Magnetic storms are apparently dynamic over many time scales. The Dy time series is highly intermittent. This

behavior is characterized by the different values of the generalized dimension of its measure, which is then known as
a multifractal measure.
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Fig. 3. The measure x based on a 128 x 128 mesh of the CGR of Fig. 2.

We will be concerned with the two-dimensional case, that is, a measure u with support 4 C R? (commonly normal-
ized to have mass u(A) = 1). The generalized dimension of a measure u can be defined using the box-counting method
[20] as

In(3-,(M:/My)") 1 (2.1)

D, = lim q € R,

—0 In(e) g—1’
where € is the ratio of the grid size to the linear size of the support 4, M; the number of points fall in the ith grid cell, M,
the total number of points in 4.
For feasible computation of the generalized dimension on real data. T¢l et al. [26] introduced a sandbox method
which is defined by

D, = lRiE%Dq(R/L) = lim In{(M(R)/Mo]" ") 1

lim = mD 1 ‘% (2.2)

It is derived from the box-counting method, but has better convergence. The idea is that one can randomly choose a
point on A4, make a sandbox (i.e., a ball with radius R) around it, then count the number of points in 4 that fall in this
sandbox of radius R, represented as M(R) in the above definition. Here, L is the linear size of 4. The brackets (-) mean
to take statistical average over randomly chosen centers of the sandboxes.

The generalized dimension D, is then obtained by performing a linear regression of the logarithm of sampled data
ln(([M(R)]q’l])) vs. (¢ — DIn(R/L) and taking its slope as the multifractal dimension in a practical use of the sandbox
method. The idea can be illustrated by rewriting Eq. (2.2) as

In({[M(R)]")) = Dy(R/L) x (¢ = 1) In(R/L) + (¢ — 1) In(My). (2.3)

First, we choose R in an appropriate range [Ruyin, Rmax]- FOr each chosen R, we compute the statistical average of
[M(R)]*"" over a large number of radius-R sandboxes randomly distributed on 4, ((M(R)}""), then plot the data
on the In(({M(R)1”"") vs. (g — 1)In(R/L) plane. We next perform a linear regression and calculate the slope as an
approximation of the multifractal dimension D,. The value D, is the information dimension and D, the correlation
dimension of the measure. The D, values for positive values of ¢ are associated with the regions where the points
are dense. The D, values for negative values of ¢ are associated with the structure and properties of the most rarefied
regions.

As an example, we compute and plot the D, curves for the Dy index at different resolutions in Fig. 4. It is clear that
these curves exhibit a multifractal-like form at every resolution.

2.3. Recurrent iterated function system for a multifractal measure

In this paper, we model the measure p of a CGR by a recurrent iterated function system [6,7,16]. This technique has
been applied successfully to fractal image compression [5], fractal construction [27] and genomics [1,2,31,32], for exam-
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Fig. 4. The D, curves for the D index at different resolutions.

ple. Consider a system of contractive maps S = {5,5>,...,Sy} and the associated matrix of probabilities P = (p;) such
that >°p,; =1, i=1,2,...,N. We consider a random sequence generated by a dynamical system

Xnt1l = San (xn)a n= 07 17 27 R (24)

where X is any starting point and g, is chosen among the set {1,2,..., N} with a probability that depends on the pre-
vious index 6,,_: P(0,11 = i) = p, ;. Then (S,P) is called a recurrent iterated function system. A major result for RIFS is
that there exists a unique invariant measure p of the random walk (2.4) whose support is the attractor of the RIFS (S, P)

(7}

The coefficients in the contractive maps and the probabilities in the RIFS are the parameters to be estimated for the
measure that we want to simulate. We now describe the method of moments to perform this task. In the two-dimen-
sional case of our CGRs, we consider a system of N contractive maps

Si:si(i) n (Zg;) i=1,2,....N

If ; is the invariant measure and A the attractor of the RIFS in R?, the moments of u are

Emn = / X"y dp = Z / X"y du; = ng,,

Using the properties of the Markov operator defined by (S, P) [27], we get

= [ xvan = Zp / (5 D) 5+ ) = Zp,,ﬁ; Z( ) (7 )5 nirs.

4;

(2.5)
When n=0, m=0,

N N
g(()l(; = ZP_,‘;‘&%& Zg(()i)) =1, Z(P/z 0ij goo =0. (2.6)
=1 =1

When m=0,n > 1,

g = Zp,,Z( )Sﬁ-bz(/)" g6

hence the moments are given by the solution of the linear equations
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n—1

N
Z Sp/z - U gOn - Z( )Zslbz ” lpjig(()/), _]: 17.‘.,N. (27)

=1 =0

When n=0,m > 1,
N m m ()
ng:ijiZ (k ) b1(7) gkj()u
=1 k=0

hence the moments are given by the solution of the linear equations

N

i e m al ~m—k j .
> (5 — )8 = Z (k ) ST Sbi() pgi. j=1,...,.N. (2.8)
=0 j=1

J=1

When m,n > 1,

m—1 n—1
gf'm ZP]IZ Z( )( ) k+lb (j)m kb (_] n [gl(;][) Z( ) m+lb (J n lgg;_._zp” rrtﬂzgm"7

Jj=1 k=0 =0

hence the moments are given by the solution of the linear equations

N m—1 n—1

N
Z( P = 0)& = Z Z (fkn) (7) Zsl;ﬂblU)M7kb2(j)"7lpjfg/g>

j=1 =0 I=
G (M) ko)
()zswo el =3 () A e =1 N 29)
k=0 =1

If we denote by G, the moments obtained directly from a given measure, and g, the formal expression of moments
obtained from the above formulae, then solving the optimization problem

min Z (gmn - Gm" )2

sisbi (1) ba (i) by 4

n—1

1=

will provide the estimates of the parameters of the RIFS.

Once the RIFS (Si(x),p;» 1,j=1,...,N) has been estimated, its invariant measure can be simulated in the following
way: Generate the attractor 4 of the RIFS via the random walk (2.4). Let 3 be the indicator function of a subset B of
the attractor A. From the ergodic theorem for RIFS [7], the invariant measure is then given by

n+lzyb’xk}

By definition, an RIFS describes the scale invariance of a measure. Hence a comparison of the given measure with the
invariant measure simulated from the RIFS will confirm whether the given measure has this scaling behavior. This com-
parison can be undertaken by computing the cumulative walk of a measure visualized as intensity values on a Jx J
mesh; here J = 128 in our examples. The cumulative walk is defined as F; = 3> (fi — f), j=1,...,J x J, where f;
is the intensity of the ith point on the extended row formed by concatenating all the rows of the Jx J mesh, and f
is the average value of all the intensities on the mesh.

Returning to the Dy example of Section 2.2 with four levels, an RIFS with four contractive maps {S}, S5, S3, S4} is
fitted to the measure representation using the method of moments, and the resulting invariant measure is plotted in
Fig. 5. The cumulative walks of these two measures are reported in Fig. 6. It is seen that the fitted RIFS provides
an excellent model of the scaling behavior of this Dy time series.

u(B) = lim

n—oo

3. Prediction of storm events
3.1. Data analysis
The raw data set used in this work comes from the World Data Center (WDC-Kyoto) where an uninterrupted

hourly time series is available from 1963 to the present time. We will use the period 1963-2003 in this work. The daily
D, time series from 1963 through 2003 is shown in Fig. 1. The time series appears stationary at this scale and a striking
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Fig. 6. The walk representation of measures in Figs. 3 and 5.

feature is its bursty negative excursions corresponding to intense storm events. In fact, zooming in on shorter time inter-
vals shows the same pattern. This apparent scaling and intermittency of Dy, suggests that multifractal techniques would
be suitable for its analysis and prediction, which is what we follow in this paper.

In Section 2.1, we considered the Dy index with four levels. In the next illustration, we consider 3-symbol scenarios
by assuming that the Dy index is classified into three categories: Dy < —50; —50 < Dy < —30; —30 < Dy, which corre-
spond to intense- or moderate-storm, small-storm and no-storm types respectively. We then define the map

0, if Dy > —30nT,
fr=< 1, if —50nT < Dy < —30nT,
2, if Dy < —50 nT.

Under f5, the given Dy, time series is transformed into a symbolic sequence {s,}, where s, is a symbol of the alphabet
{0,1,2}. The CGR of this case is given in Fig. 7.
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Fig. 7. The three-symbol CGR of daily Dy, time series from 1963-2003.
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Fig. 8. The measure u based on a 128 x 128 mesh of the CGR of Fig. 7.

Considering the points in this CGR, the measure u defined by u(B) = #(B)/N, as before is plotted in Fig. 8 on a
128 x 128 mesh. An RIFS with three contractive maps {Si,S,,S3} is fitted to this measure using the method of
moments, and the resulting invariant measure is plotted in Fig. 9. The cumulative walks of these two measures are
reported in Fig. 10. It is seen that the fitted RIFS provides a good model for the CRG, but the 4-symbol setting of
Section 2.1 provides a far superior fit. Hence we will use the 4-symbol model for prediction of future events in the next

subsection.

3.2. Prediction

From the available Dy, time series over 1963-2003, we use the data over the period 1963-1992 for RIFS model fitting
and the data over the last 11 years (1993-2003) for testing the accuracy of our prediction. The method therefore pro-
vides true outside-sample predictions. We use the map f to convert the time series into a symbolic sequence of the
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alphabet {0,1,2,3}. The fitted RIFS of Section 2.3 is then used to predict future events according to the chaos game
algorithm (2.4). That is, knowing the parameters of the stochastic matrix P = (p;) and the current observation g, a
string for {o,+1,...,0,+x} for k steps ahead on the alphabet {0, 1,2,3} is generated via (2.4). The prediction is repeated
for the next observation a,,, using the same estimated model, until the last time point 7 — k is reached, where T is the
number of points of the time series.

We then compare with real events as known from the data, and determine the accuracy of the prediction according
to the following two indicators:

number of correct predictions

ry =

total number of predictions ’
number of storm events predicted to contain a storm event
number of real strings containing a storm event

ry =
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Table 1

Prediction of daily data using map f;

Days ahead ry I

1 2180/3675 = 59.32% 925/1444 = 64.06%
2 1388/3674 = 37.78% 1127/1846 = 61.05%
3 940/3673 = 25.59% 1183/2154 = 64.21%
4 624/3672 = 16.99% 1652/2417 = 68.35%

In r,, the predicted pattern of k-days ahead is not required to be the same as the observed pattern. The results are re-
ported in Table 1.

4. Conclusion

Based on the values recorded, the Dy is clustered into events such as {intense storm, moderate-storm, small-storm,
no-storm}. Some previous works have suggested the values to distinguish these events; for example, storms with
Dy < =50 nT are classified as moderate or intense, and those in the range —50 nT < Dy, < —30 nT classified as small
storms [18,30]. In this way, the Dy time series is converted into a sequence of symbols {0, 1,2,3} accordingly. A chaos
game representation and its probability measure are then derived for the symbolic sequence.

The work of this paper indicates that each of these probability measures is a multifractal measure and can be mod-
eled by a set of contractive maps known as a recurrent iterated function system. The excellent fit of this RIFS to data
confirms that the attractor/fractal set of the RIFS is in fact the CRG of the symbolic sequence. The fitted RIFS is con-
sidered as a mechanism to generate the weighting of storm events. This mechanism is the key element in our algorithm
for prediction of storm events described in Section 3.2.

In this paper, we pay attention to the prediction of storm events in the next few days using daily data. The numerical
results summarised in the above table indicate that the method works reasonably well on real data up to four days
ahead based on the indicator r,. It should be noted that these are outside-sample forecasts of true storm events based
on only the current value at o,,; hence it is expected that the prediction is more difficult than those methods designed for
the prediction of the frequency/probability of storm patterns. An accuracy rate of over 60% in r; is therefore quite
meaningful. A further point to note is that this accuracy is achieved from the scaling of the Dy, series captured in its
chaos game representation. This distinguishes our approach from the usual approach based on the correlation structure
of Dg. This latter approach would not be suitable for the Dy time series where intermittency and non-Gaussianity are
dominant features.
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